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In previous work, we have introduced the Hamiltonian method which enables to
calculate the ray paths of light rays in inhomogeneous anisotropic media in the
geometrical-optics approach. With this method we are able to simulate the effect
of optical anisotropy in three dimensions. In this manuscript, we simulate the
optical properties of multiple liquid-crystal configurations. We demonstrate the
resemblance between the optical properties of a gradient-index fiber and a liquid-
crystal layer with a Freedericksz alignment. In addition, we investigate the optical
properties of artificial liquid-crystal profiles induced by the electric field of a set of
point charges. Altogether, we conclude that, in the geometrical-optics approach, we
are able to assess the optical properties of any arbitrary anisotropic optical system.

Keywords: geometrical optics; inhomogeneous anisotropic media; liquid crystal; optical
anisotropy

1. INTRODUCTION

The problem of optical anisotropy in the geometrical-optics approach is
classical and it is known for more than a century. However, most of the
theory appears in a fragmented way and the propagation of waves
through inhomogeneous anisotropic media is rarely addressed [1-10].
At the same time, the rapid advances in liquid-crystal applications,
such as gradient-index lenses [11] or switchable lenticulars for auto-
stereoscopic 2D/3D displays [12], call for a good exposition of the
theory on wave propagation via inhomogeneous anisotropic media.
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In response to these developments, we have introduced a general
ray-tracing method for inhomogeneous uniaxially anisotropic media
[13]. In the manuscript presented below, we apply this general ray-
tracing method in a numerical simulation program and demonstrate
the optical properties of multiple liquid-crystal configurations.

One of the reasons that liquid crystal is so attractive, is that it can
be controlled by external magnetic or electric fields. As a first example,
we investigate the profile of a liquid-crystal layer applied between two
parallel glass plates. This liquid-crystal profile can be controlled by an
external electric field induced by a potential difference across the glass
plates (for example, by means of conductive transparent ITO electro-
des). The response of the liquid crystal to an external electric field is
a threshold effect called the Freédericksz transition [14]. We will
demonstrate that the optical properties of the liquid-crystal profile
above the Freédericksz transition correspond to that of a gradient-
index fiber. A gradient-index fiber is an optical fiber whose core has
a refractive index that decreases with increasing radial distance from
the fiber axis. Gradient-index fibers are designed in such a way, that
light rays follow sinusoidal paths down the fiber. Similarly, we can
show that light rays entering the liquid-crystal profile above the
Freédericksz transition also follow similar ray paths. In addition to
this result, the optical response of this liquid-crystal layer can be
tuned by controlling the voltage that is applied across the glass plates.

Secondly, we investigate the liquid-crystal profile induced by the
electric field due to multiple point charges placed inside a liquid crystal.
Although the use of point charges is a rather artificial approach, it
brings the idea of switchable gradient-index devices with more than
two optical states to mind. Usually, liquid-crystal gradient-index
devices are designed with a pattern of line electrodes that are able to
change a liquid-crystal profile. We discuss a configuration of charges
that are positioned at the grid points of a regular square grid. This
concept of multiple electrodes introduces the possibility to increase the
number of liquid-crystal configurations with only one optical system.

In what follows, we will present simulations of the optical proper-
ties of the two optical systems described above. In addition, we show
that, in the geometrical-optics approach, we are able to assess the
optical properties of complex inhomogeneous uniaxially anisotropic
media in three dimensions.

2. LIQUID-CRYSTAL LIGHT GUIDE

As mentioned before, liquid crystal can be controlled by external
magnetic or electric fields. Interactions between boundaries and liquid
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crystal also have a large controlling effect. Often, the influence of the
boundaries opposes the response to an external field. The result is a
threshold phenomenon called the Freédericksz transition. In what
follows, we will describe the Freédericksz transition of a liquid-crystal
layer between two parallel glass plates.

2.1. Freédericksz Transition

We consider a simple geometry, defined by two parallel glass plates,
separated by a distance A, as depicted in Figure 1. The space between
the glass plates is filled with liquid crystal. The local optical axis inside
a liquid crystal is called the director. The director d aligns itself in the
x-direction parallel to the glass surfaces. When an electric field E is
applied in the z-direction, the liquid crystal deforms. The resulting defor-
mation consists of both splay and bend deformations, but there is no twist
deformation (cf. [14], p 32). Hence, the director d lies in the xz-plane. For
convenience, we can write the liquid-crystal profile in terms of an angle
0(z) which the director makes with the x-axis: d,=cos[0(z)], dy,=0
and d, =sin[0(z)]. By minimizing the free energy, it can be deduced that
0(z) must satisfy the Euler equation (cf. [14], p 205). Then, the Euler
equation, considering only the dominant terms, satisfies

d?0

Ki1—
11 dz2

+ g9AeE? sin 0 cos 0 = 0, (1)

where E is the electric field strength and A = ¢| — ¢, is the anisotropy in
the dielectric permittivity of the liquid crystal. Note that the anisotropy
mentioned here is not equivalent to the optical anisotropy. In addition,
K, is an elastic constant with which the associated splay deformation
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FIGURE 1 Director profile of liquid crystal in between two parallel glass
plates, separated by a distance h. An electric field E is applied in the
z-direction. As a result, the director d is rotated by an angle 0 towards the

electric field direction. At z = %, the angle 0 has a maximum value.
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energies scale. Apparently, the distortion of the liquid crystal is domi-
nated by splay deformation.
At this point, it is convenient to introduce the variable { = Z. From
the symmetry of the system defined in Figure 1 we can deduce that
=0at{= As a result, we can define 0,,,, as the maximum value
of 0 at (= 1 Then the potential difference across the liquid crystal
layer that corresponds to 0,,4« can be written as (cf. [14], p 207)

V = 2K(m), /%, (2)

where K(m) is the complete elliptic integral of the first kind with ellip-
tic modulus m =sin?0,,,,. In addition, there is a threshold voltage
below which the liquid crystal remains undistorted, given by

Vi, = my | ——. (3)

Above this threshold voltage, the director starts to rotate from its
undistorted configuration towards the direction of the electric field.
Note that the threshold voltage is independent of the distance A
between the glass plates.

From Eq. (1), it can be shown that the angle 0({) can be written as
(cf. [14], p 208)

0(¢) = arcsin(sin ¢ sin 04y ), (4)

where ¢({) is the Jacobi amplitude of the incomplete elliptic integral
of the first kind F(qb, m) = 2K(m)(. Figure 2 shows 0(0) for different
voltages, expressed in terms of V, = . If V,.=1, 0(() =0°, whereas
) =90° if V,—oco. The results are calculated for a sample with
K;1=10"1'N and A¢=10. These values are realistic estimates and
yield a threshold voltage of 1.0558 V.

The director profile discussed in this section is called a Freédericksz
alignment. In the next section, we will use the equations for the
Freédericksz alignment to define the liquid-crystal profile between
two parallel glass plates.

2.2. Simulations of a Liquid-Crystal Light Guide

In this section, we will simulate the optical properties of the liquid-
crystal profile defined in Figure 1. The corresponding director profile
is calculated analytically, using the formulas of the previous section.
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FIGURE 2 Distortion angle 6({) for several values of V,. = V— K, is estimated
10~ N and Ac¢ is estimated 10 (at room temperature). In this case, the thresh-
old voltage V;;, is 1.0558 V.

In general, a light guide is an optical device which has the ability to
‘guide’ light. For example, optical fibers are light guides designed to
guide light along its length. A gradient-index fiber is an optical fiber
whose core has a refractive index that decreases with increasing radial
distance from the fiber axis. Gradient-index fibers are designed in
such a way, that light rays follow sinusoidal paths down the fiber,
as depicted in Figure 3(a).

Figure 3(b) shows a liquid-crystal gradient-index device, whose
optical properties are similar to those of the optical fiber in Figure
3(a). The difference is that the properties of the device in Figure 3(b)
are inhomogeneous anisotropic. These anisotropic properties are
defined by the director profile as depicted in Figure 1: the Freédericksz
alignment extended in the x-direction. In contrast with the optical
fiber in Figure 3(a), the anisotropic device in Figure 3(b) is not cylind-
rical: the liquid crystal layer has a thickness A.

We consider the liquid-crystal layer of Figure 3b. An incident light
ray is linearly polarized in the xz-plane and propagates in the positive
x-direction. At (x,z) = (O,%) the light ray is injected into the liquid-
crystal. For the calculation of the ray path inside the liquid crystal,
we apply the Hamiltonian method for extraordinary rays (cf. [13],
p 1269). With r the position and p, the corresponding momentum
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n(r)

(b)

FIGURE 3 Gradient-index devices whose optical properties are (a) inhomoge-
neous isotropic and (b) inhomogeneous anisotropic. Figure (a) shows a gradient-
index fiber whose index of refraction n(r) depends on the radial distance r from
the fiber axis. In Figure (b), the anisotropic properties are defined by the direc-
tor profile as depicted in Figure 1. Then, the effective index of refraction n.g(z)
depends on the vertical position z. These gradient-index devices are designed in
such a way, that light rays follow sinusoidal paths down the fiber.

(i.e., the wave normal) of an extraordinary ray, the Hamilton equa-
tions are given by

% = V1)7_(2 (&)7
dpd(rf) ; )
e =~V H (@),

where 7 is a parameter which can be considered as time. In addition,
the gradients V,H, and V,H, are defined

Me o 9 o . ad, ad, ddz
o 2(ne n’o)(pe -d) ( ex "5 + Dey i + Pez 9
g;‘e = 2n§pei + 2(”3 - nz)(pe : &)div i= x,Y,2 (6)

where n, and n, are the ordinary and extraordinary index of refraction,
respectively. These equations are a set of six coupled first-order differen-
tial equations for the vector components of the position r(tr) and momen-
tum p.(7). By taking steps At in the ‘time’ 7, the ray path r(zy + NAt) and
the corresponding momentum p(ty+ NAt), with N € N, are calculated
by using the first-order Runge-Kutta method [15].

It is important to realize that the Hamiltonian method only applies
when the properties of the medium change slowly with respect to the
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wavelength. For the type of configurations we investigate, this condi-
tion is satisfied. Hence, the use of the Hamiltonian method is justified.

We simulate a nematic liquid crystal with n,=1.5266 and
n,=1.8181 (BL009 mixture [16]). We define K;;=10"'N and
Ae =10, yielding a threshold voltage of 1.0558 V. The ray paths are
calculated with step size At=0.001 and ~ =5. Note that 4 is a dimen-
sionless number that can be scaled to any desired dimension, as long
as the properties of the medium change slowly with respect to the
wavelength of light. Figure 4 shows the results for six extraordinary
ray paths. Each individual ray path is calculated in a different
Freédericksz alignment. Each alignment corresponds to a value for
V, = Vlth = 2/C(m), where the elliptic modulus m = sin0,,,4,. The maxi-
mum value of V, is 1.1803, corresponding to a voltage V=1.2461V
and 0pq, = § radians.

The angle at which the light is refracted at the position (x,z) = (0,%)
increases since the angle 0,,,, increases with the voltage. As a result,
we can expect that the period of the sinusoid decreases with increasing
voltage. Figure 4 shows that this expectation is confirmed by the simu-
lations. In addition, from Figure 4, we can conclude that the ray paths
are sinusoidal.

We have analyzed the behavior of light rays inside liquid crystal
with a Freédericksz alignment. From the results, we can conclude that

5 T T

V =1.0000.
r

VELISB—" T~ T~ T~ T~ — ~__—]
T

1
0 50 100 150

FIGURE 4 Ray paths of extraordinary rays for different Freédericksz align-
ments (K;; =107 N, Ae=10). The incident rays are in the horizontal direc-
tion and are refracted by the liquid crystal layer at (x,z) = (0,%). The liquid
crystal has refractive indices n,=1.5266 and n,=1.8181. The period of the
sinusoids decreases with increasing voltage.
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the optical behavior of the studied liquid-crystal layer is similar to the
optical behavior of a gradient-index fiber: the liquid crystal can act as
a light guide. In addition, the optical response of the liquid-crystal
layer can be tuned by controlling the voltage that is applied across
the glass plates.

3. ARTIFICIAL LIQUID-CRYSTAL SPATIAL
LIGHT MODULATOR

In this section, we apply the Hamiltonian method to light rays enter-
ing a three-dimensional inhomogeneous liquid crystal. In this case, the
director profile of the liquid crystal is induced by the electric field of
one or more point charges. Obviously, the use of point charges is a
rather artificial approach. However, in this section, we aim to investi-
gate the idea of small electrodes for controlling the director profile of a
liquid crystal. First, we investigate the optical behavior of one point
charge inside a liquid crystal. Then, we investigate the optical proper-
ties of a configuration of multiple point charges inside a liquid crystal.

3.1. Single Point Charge in a Liquid Crystal

Below, we briefly discuss the results of ray-tracing simulations for a
single point charge in a liquid crystal as presented in [13]. We consider
a Cartesian coordinate system in which the plane z =0 is defined as a
grounded conducting plate with electric potential ® =0. Let there be a
point charge in (0, 0, a), for some a >0, with positive charge g, see
Figure 5. Using the method of images [17], we can write the electric
potential due to the charge g for z>0 as

.

FIGURE 5 Point charge g at a distance a above the origin. The plane z=0 is
defined a grounded conducting plate. As a result, there is an electric field in
the half-space z > 0.
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q 1 q 1
D(x,y,z) = - - (7
4mso \/x2 +y2 4 (z—a)? A \/x2 +y2+ (z+a)’

The corresponding electric field is then given by
E(x,y,2)=—V®(x,y,z). Let the space z>0 be filled with a nematic
liquid crystal. We will assume that the field is so high, that all direc-
tors follow the field direction. This means that the electric energy is
considered to be much higher than the elastic energy between the
directors. Hence, the director profile due to the electric field of the
point charge ¢ is:

B(x.y,2)
By 22 (8)

Figure 6 shows the director profile in the xz-plane for a =50,

€[-50,50] and z€[0, 100]. The liquid crystal in the upper half-space
z >0 has an ordinary index of refraction n, = 1.5 and an extraordinary
index of refraction n = 1.7. The lower half-space z < 0 is assumed to be
glass with an index of refraction ngass = 1.5.

d(x,y,z) =

LOO S SNNANANNANNNANNNNNN NS 171777777777
SNSNNNANNNANNNNVNY NNy
SNNNNNANNNANANANNANN VNS
SNSNSNNNANNNNNANNSNYN NN Y S
SENSNNNANNNANNANNN NV S SSSSSSs
SSNSSNNANNNNNNNN NNy p S S

BOF~ S SSNNNNNNANNNNN [ S /777770 r s
TUSSSSSNNNNNNNN NN S S S S LS
TESSSSNNNNNNNNN N W WSS ST
TESTSESSSSNNANNNANNN | Y S ST
TNRSSNSNNNNNNANNN | S S S S
TSN SSNNNNANNY | S S S Sl

60 ~——~~— SENNNNNANY | [ S S S e
——————— R

N :::::___:::::ZZZLI’ZK:Z::Z::::::::
e P R I e
P R A 1 Y N Y

T e A A I NN N
PP D P vy AN Bl I TN N NN NN NN SN
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FIGURE 6 The director profile (i.e., the normalized electric field due to the
point charge g) in the xz-plane for a =50, x € [-50,50] and z € [0,100]. The
profile has azimuthal symmetry.
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FIGURE 7 Ray paths of several extraordinary waves at normal incidence
to the plane z=0, where the xz-plane is the plane of incidence. Note the
‘curtain-like’ behavior, allowing no light in the region above the point charge.

We will use the Hamilton equations to calculate the ray paths of
waves that are injected into the liquid crystal. Inside the liquid
crystal, we calculate the ray paths of extraordinary waves by using
Egs. (5) and (6). By taking small steps in the parameter z, the position
r(t) and momentum p,.(t) are calculated using the first-order Runge-
Kutta method.

Figure 7 shows several ray paths of extraordinary waves at normal
incidence to the plane z=0. The plane of incidence is the xz-plane.
Apparently, light is absent in the region above the point charge ¢
and the ray paths seem to form a ‘curtain-like’ appearance.

At z=100, a matrix of intervals in x and y is defined which is used
to collect the x- and y-coordinates of ray paths. The number of rays col-
lected by each interval is a measure for the intensity. Then, the spatial
intensity distribution at z=100 should give us an idea of the optical
behavior.

We define rays of light propagating in the z-direction incident on
the (transparent) conducting plate. The initial positions of the rays
(x0, Yo, 20) randomly lie inside a square defined by x( € [-10,10] and
yo € [—10,10]. These rays are refracted at the conducting plate at
2=0, where d = (0,0, —1). We perturb the incident angle of the rays
to 10~ ° degrees in the xz-plane. In addition, we define a linear polar-
ization parallel to the xz-plane. As a result, the refracted waves are
extraordinary waves and therefore Egs. (5) and (6) can be applied.

Figure 8 shows the intensity distribution I at z=100. The number
of rays that is traced is 30000. The white square indicates the bound-
ary in which the initial positions (at z=0) of the incident rays lie.
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-50

-25

25

5(-)50 =25 0 25 50
FIGURE 8 Intensity distribution I at z=100 for x < [-50,50] and
y € [-50,50]. The square (white) indicates the boundary in which the initial
positions of the incident rays lie.

The center of the square is exactly below the point charge. Apparently,
the square light source at z=0 is transformed into a circular like light
distribution at z =100.

3.2. Multiple Point Charges in a Liquid Crystal

In the previous section, we have analyzed the optical properties of a
single point charge inside a nematic liquid crystal. In this section,
we investigate the optical properties of the same optical system, but
now with a configuration of 9 point charges inside a nematic liquid
crystal. The positions of the 9 point charges in the xy-plane at z =50
is defined as depicted in Figure 9. The distance between the individual
point charges is indicated by u. In addition, the middle point charge is
positioned exactly above the origin (x=y=0). In Figure 9(a), all the
point charges are positively charged whereas in Figure 9(b), one point
charge is negatively charged.

Similar to the approach used in the previous section, we use the
method of images to calculate the electric field E(x, y, z) for z>0 and
the resulting director profile d (see Eq. (8)). In addition, we apply the
Hamilton equations to calculate the ray paths of extraordinary rays
in a liquid crystal with indices of refraction n,=1.5 and n.=1.7. The
initial positions of the rays (xq, yo, 20), propagating in the positive
z-direction, randomly lie inside a square defined by x, € [—-10, 10] and
yo € [—10,10]. The rays are refracted at the liquid-crystal interface
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FIGURE 9 Positions of the point charges in the xy-plane at z=50. The dis-
tance between the individual point charges is indicated by u. In Figure
(a) all the point charges are positively charged whereas in Figure (b) one point
charge is negatively charged.

and modulated by the liquid crystal in the half space z > 0. At z= 100,
we calculate the spatial intensity distribution I.

Figure 10 shows the intensity distribution I at z= 100 for the config-
uration depicted in Figure 9(a). In this case, u = %. The number of
rays that is traced is 150000. The white square indicates the boundary
in which the initial positions (at z=0) of the incident rays lie. The cen-
ter of the square is exactly at the origin. As can be seen from Figure 7,
the light rays are repelled in the neighborhood of a point charge.
Hence, we can expect that light rays will converge in the regions

-50

50,
-50 -30 -10 10 30 50

FIGURE 10 Intensity distribution I for the configuration of Figure 9(a) at
z=100 for x € [-50,50] and y € [-50,50] and u =%. The square light source
at z=0 (indicated by the white square) is transformed to a configuration of
light spots that lie on the grid points of a regular square grid.
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FIGURE 11 Intensity distribution I for the configuration of Figure 9(b) at
z=100 for x € [-50,50] and y € [-50,50] and u =%. Although we define a
different charge distribution of the point charges, we apply the same optical
system used in Figure 10. In this case, the intensity distribution I at z=100
shows both light spots and blurring effects.

between multiple point charges with the same charge. Indeed in
Figure 10, we clearly see that the square light source at z=0 is trans-
formed into multiple light spots at z=100. Moreover, this collection of
light spots lies on the grid points of a regular square grid, similar (but
not identical) to the configuration of point charges.

Figure 11 shows the intensity distribution I at z =100 for the config-
uration depicted in Figure 9(b). This configuration of point charges
corresponds to the same optical system, but with a different charge
sign distribution. Similar to the intensity distribution I in Figure 10,
the eight positive point charges converge the light rays to light spots
at z=100. On the other hand, the negatively charged point charge
on the right side is responsible for a different optical response. Clearly,
the combination of positive and negative point charges is responsible
for a diverging effect. As a result, the square light source at z=0 is
transformed to a spatial light distribution which shows both light
spots and blurring effects.

From the results of this section, we can conclude that charges
positioned on the grid points of a regular square grid in a liquid crystal
can produce multiple spatial light distributions. The optical response
of the optical system can be changed by controlling the amount of
positive and negative charge. From these considerations, the optical
system discussed can be interpreted as a switchable liquid-crystal
spatial light modulator.
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4. CONCLUSIONS

From the simulations presented in this manuscript we can conclude
that, in the geometrical-optics approach, we are able to assess the opti-
cal properties of arbitrary inhomogeneous uniaxially anisotropic
media in three dimensions. The Hamiltonian method and the corre-
sponding Hamilton equations form an appropriate tool to analyze
the optical properties of uniaxially anisotropic optical systems. In
two examples, we have investigated the optical properties of a
liquid-crystal configuration. For both configurations, we can conclude
that the analysis has produced plausible results. Moreover, it has been
shown that the proposed liquid-crystal configurations show the char-
acteristics of a light guide and a spatial light modulator.
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